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Radio-frequency electrical conductivities are calculated with electrons drifting through an ion cloud under
an externally applied static electric field. The stationary velocity distribution of electrons is taken to be a
displaced Maxwellian. Then, if the drift velocity is larger than 0.8 times the electron velocity spread, the
real part of the electrical conductivity becomes negative at frequencies much higher than the mean-collision

frequency.

1. INTRODUCTION

EGATIVE absorption of electromagnetic waves
by an ionized gas with and without the presence
of a magnetic field was first discussed by Twiss' and
the possibility of such absorption by a partially ionized
gas with the Ramsauer effect was suggested by Bekefi,
Hirshfield, and Brown.? According to one of their re-
sults, the radiation temperature may be negative at
frequencies below a certain value near the mean-
collision frequency between the electrons and the gas
atoms. On the other hand, the negative radiation tem-
perature can be related to the negative electrical con-
ductivity. The possibility of negative absorption in a
fully ionized plasma in the absence of a static magnetic
field was denied by Twiss!® and Bekefi et al.? for an
isotropic velocity distribution of electrons. Browne*5
derived the opposite result, but, (judging from later dis-
cussions by Marcuse,® and Mallozzi and Margenau?),
it seems that his conclusion is not correct. Marcuse cal-
culated in the Born approximation the possibilities for
induced emission and absorption by a single-electron
passing ions and concluded that the difference between
the cross sections for emission and absorption becomes
negative if the electric field of the incident electromag-
netic wave is nearly parallel to the electron orbit. He
showed further that electrons distributed isotropically
in the velocity space always absorb part of the energy
of the electromagnetic wave. In his calculation the fre-
quency limits for negative absorption were not deduced
and the velocity distribution of electrons was not taken
into account.

All the work mentioned above is concerned only with
the isotropic velocity distribution of electrons in a
plasma. Sometimes electrons in a fully ionized plasma
in the presence of a static electric field drift at a velocity
which is comparable with or larger than the velocity
spread.®? In such cases the real part of the electrical
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conductivity of the plasma for high-frequency electro-
magnetic fields may become negative. Hence, the inci-
dent electromagnetic waves are amplified on passing
through such a plasma. In this paper the authors will
show this possibility for a fully ionized gaseous plasma
and for a semiconductor plasma.

2. ELECTRICAL CONDUCTIVITY AND
NEGATIVE ABSORPTION

Part of the energy of electromagnetic waves propaga-
ting through a passive mediumisalways absorbed by the
medium. The absorbed power which is transformed into
heat Q per unit time and volume is expressed as'

Q= (w/8m)(¢"|E[*+u" |H|?), ¢Y)

where w is the angular frequency of the wave, ¢’ and
u’ the imaginary parts of the electric and magnetic
permeabilities, respectively, |E| and |H| the ampli-
tudes of the electric and magnetic fields, respectively.
Usually u'” is much smaller than €'’ so that the second
term in the bracket of Eq. (1) can be neglected. Since
¢’ is related to the high-frequency electrical conduc-
tivity o as

€¢'=(4r/w)o 2
Q may be rewritten

Q=30|E[2. 3)

Consequently, if the conductivity becomes negative, the
power flows from the medium into the field at a rate
proportional to the energy density of the field. This re-
sults in amplification of the wave and is called “negative
absorption.” It is clear that a medium in a thermody-
namic equilibrium can not exhibit negative conductivity.

Let us consider a stationary electron stream flowing
through a gas along the x axis suffering collisions under
a static electric field. This electron stream with a drift
velocity vg and a velocity spread v is shown in Fig. 1 in
the velocity space. When an oscillating electric field E;,
which is in the direction of the x axis, is superimposed
on the static electric field, the velocity distribution
oscillates in the velocity space, giving rise to the polari-
zation current. We examine qualitatively the relation

0 L. D. Landau and E. M. Lifshitz, Electrodynamics of Continu-
ous Media (Pergamon Press, Inc., New York, 1960).
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Fic. 1. The velocity distribution fo of drifting electrons under
a static electric field Eo. When the fluctuating electric field E; is
superposed upon FE, the velocity distribution fluctuates in the
velocity space. If this happens in phase with the electric force
upon the electrons, the induced fluctuating electric current j
caused by electrons with velocities between 3 and 0 flows in the
opposite direction to E;.

of the polarization current to the collision probability
between the electrons and the gas atoms.

For frequencies extremely low compared with the
mean-collision frequency of electrons, the velocity dis-
tribution fluctuates in phase with —eE;. In this case
the electrons with velocities between 0 and v4 cause a
current component which is in the opposite direction to
E, as is seen from Fig. 1. If the contribution of this
component to the total current exceeds the resultant
current due to all other parts of the velocity distribu-
tion, the current flows in the opposite direction to E;
and negative conductivity results.! When the frequency
of the electric field is much lower than the collision fre-
quency, collisions decrease the amplitude of fluctuations
of the velocity distribution, and consequently, the in-
duced electric current. As a result, if the collision proba-
bility increases rapidly with the electron speed where
the velocity distribution function of electrons has ap-
preciable magnitudes, the negative contribution to the
total current may overcome those from the other parts
of the distribution. Negative conductivities in this
sense have already been confirmed experimentally by
Forman'?®® and Ohara!#! by the use of electron streams
through argon, krypton, and xenon gases with the

1T, Musha, Phys. Fluids 5, 1311 (1962).

12 R. Forman, Phys. Rev. 128, 1487 (1962).

13 R, Forman, J. A. Ghormley, and J. R. Reiss, Phys. Rev. 128,
1493 (1962).

14 S, Ohara, Phys. Fluids 5, 1483 (1962).

18 S, Ohara, J. Phys. Soc. Japan 18, 852 (1963).
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mean-electron energies near the minima of collision
probabilities of the respective gases.

At frequencies higher than the mean-collision fre-
quency, the situation differs from that described above.
At such frequencies the medium is, in general, inductive
and collisions give rise to a component of the electric cur-
rent in phase with the applied rf electric field. Accord-
ingly, the role of collisions is reversed to that in the low-
frequency case. Therefore, if the collision probability
decreases rapidly with the electron speed where the
velocity distribution function of electrons has appreci-
able magnitude, the negative contribution may overcome
those from the other parts. The collision cross section
by the Coulomb field is proportional to v and it is ex-
pected that the electrical conductivity becomes nega-
tive if the drift velocity is large compared with the
velocity spread. We calculate the electrical conductivity
of electron streams flowing through a fully ionized
plasma under a static electric field.

3. ELECTRICAL CONDUCTIVITY OF
DRIFTING ELECTRONS

Let us consider a case where electrons are flowing
through an ion cloud under a static electric field E,
which is parallel to the x axis. Electrons are scattered
by ions while accelerated by the external electric field
and in an exact sense they will not reach a stationary
state.!'® But, in practice, by virtue of scattering pro-
cesses other than the Coulomb force they will become
stationary. For simplicity the stationary velocity dis-
tribution of electrons is taken to be Maxwellian around
the drift velocity va.

We begin by adopting the Boltzmann-Fokker-Planck
equation to describe the electron dynamics, while the
ions are regarded at rest and distributed randomly.
There is, in addition to the static electric field, a pre-
vailing uniform electric field oscillating in time at the
frequency w; that is, a transverse electromagnetic wave.
The oscillating electric field E, is along the « axis. The
calculation is confined to a small-amplitude electric
field in the absence of an external magnetic field. Tak-
ing linear quantities with respect to fluctuating quanti-
ties in the usual Boltzmann-Fokker-Planck equation
we find

%i‘l‘l' (V' V)fl—"iEofjil—ﬁEla—fo= (Eé> . @
coll

m 0v, m 0V, ot

Here f; is the small perturbation of the velocity dis-
tribution of the electrons by E;, —e and m are the elec-
tronic charge and mass, respectively, and f, is the sta-
tionary velocity distribution in the absence of Ej,
given by

fo=n.(8/m)*"* exp[—B(v—Va)*] ®)

16 H, Dreicer, Phys. Rev. 117, 329 (1960).
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where #n, is the electron density, % the Boltzmann con-
stant, and T the transverse electron temperature.

We consider spatially uniform electric field or an
electromagnetic wave, and in the latter case assume
that the phase velocity is much larger than the electron
velocities in the nonrelativistic plasma, so that the par-
tial differentiation with respect to space coordinates
could be neglected compared with the partial differentia-
tion with respect to time. Then expressing the collision
term on the right-hand side of Eq. (4) in a cylindrical
coordinate system!” we have, making use of the axial
symmetry of the phenomenon

e 1—u2dfi e 98fi e 1—p?dfo

—iwfi——Eqy LT — L
m v du m I m v Ou
e 9fo 1—p2d%fi u dfa
B = —— —— L (1)
m dv 28 Au: P du
T'=4met InA/m?, (8)

where A is the ratio of the maximum to minimum effec-
tive impact parameter. The maximum impact parameter
is taken to be the Debye shielding length v4/w, for
frequencies smaller than the plasma frequency w,. For
frequencies larger than the plasma frequency, however,
it must be taken as v;,/w,'® so that

mpd/w, w<wp

A= 9)

mugd/etw  w>wy.

In Eq. (7) p=cos, where 6 is the angle between the %
axis and the direction of the electron velocity and #; is
the ion density. An arbitrary phase factor is involved in
Eq. (7) except for exp(iwf) and this factor can be chosen
so that E; is a real number except for exp (iwt). Let f1 be
divided into the real part f," and the imaginary part £,

fi=Artifi

Then f," varies in phase with E; and f,* varies out of
phase with E;. Consequently Eq. (7) is decomposed
into the real part

(10)

(4 1—}1.2 afﬂ € aflr e 1 —[J,Z afo

wfri——Eq —Eou —Ly
m v O m 0ov m v Ou
e dfo 1—p? 32fi" u dfy
——Ely—-=n,~I‘{ —_— , (11)
m v 208 Ou?  ® ou

7 M. N. Rosenbluth, W. M. MacDonald, and D. L. Judd, Phys.
Rev. 107, 1 (1957).
18 D. B. Chang, Phys. Fluids 5, 1558 (1962).
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and the imaginary part

e 1—p?dfit e 9fit
_wflr__._Eo ———FEpu—
m v Ou m av
1—u? 32fif u dfit
=nT i LA (12)
208 Ou? ¥ Ou

We consider here the case when w is much larger than
the mean collision frequency. Then f;" is much smaller
than fi* except for very slow electrons. In Eq. (11),
neglecting terms which involve fy" compared with the
other terms, we obtain the zeroth order f1¢®. Next in-
serting f1*@ into Eq. (12) we have the first order f1*®,
By iteration we can obtain the kth order quantities
f1r® and f,#®. Thus, the real part of the kth order
fluctuation f,"* implies three terms.

flr(k)=fl’lr(k—2)+f1,2r(k—2)+f]’3r(b—2)

F 17O fro7 B4 fy 7B (13)
for k=3, 5,7, - -, together with
Frr®=fy 7O f1 57D,
For k=3, these quantities are of the order
1 e k+1
70 | —— k
fl'l wk+l<m'vth> EO Elfo (14)

&) 1 (4 2E Z mP P TL,P q n.,I‘ rf
J1.0 ’\’——( > oEy (—> < ) ( > 0
w®1\mo AN o/ \v0?

p+qtr=k—1;$,¢,7r=0,1,2,--- k-1 (15)
o () 2 (Y (2D (20
’ &P \mvg/ P ¢\ ¥/ \Pvy/ \vvy?
pt+gtr=~k; p=0,1,2,--- k—1;
¢,r=0,12.-- k. (16)

The first and the third terms represent effects of the
static electric field and of collisions, respectively, on the
energy exchange between the applied rf electric field
and the ensemble of electrons. The second term ex-
presses the combined effect of the electric field and the
collisions.

If E, satisfies the following condition which is valid
for an ordinary plasma

w>eEo/mug, W)

f1.1"® may well be approximated by f1,,”®. For an
adequately large w there is a critical electron speed v, at
which
/v w1
(18)
2,<V¢p

At such frequencies f1,5"® may be approximated by
f1.5"®, and f1,,"® can be neglected compared with
f117® for k equal to or larger than 3. Consequently
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under both conditions Eqs. (17) and (18), f1" can be
approximated by’ f1,1"'(1)+f1,3'(1).

The electrical conductivity ¢ is defined with the
velocity distribution of electrons as

e
o=—— [ v,f1"dv.
Elf '

Integration of f1,,"® with respect to v is carried from 0
to infinity while integration of f1,5”® with respect to v
is carried from v, to infinity. For 0<v<v,, f1,5"® is
not a good expression and the contribution from this
part to the conductivity is considered later. Then
the electrical conducitvity ¢ is calculated as (see
Appendix)

(19)

o=X(wnen:,T)Y (va,0,,T), (20)
X =8n"n.m:e8(B/m)32 InA/m¥?, (21)
V= (&) (1+£7%) exp[— (£+92) ] sinh (2£n)

EHa
—&“3/ exp(—a¥)dx, (22)
—&+

£=p129,=1.22404/v:,
n:ﬁlmvc .

The behavior of ¥ versus v4/v is shown in Fig. 2 for
2./v=1%, 5, and %. It is clear that these curves do not
largely depend upon the values of v./v¢. Figure 2 shows
that the electrical conductivity becomes negative if the
drift velocity is larger than 0.8 times the thermal
velocity. This result is as expected in §2.

We refer here to the contribution to the electrical
conductivity of electrons with speed between 0 and v,
which has been neglected in Eq. (20). For —9,Lv,< %
in Fig. 1 any electrons at the right-hand side of v,=0
have corresponding electrons at the left-hand side which
have the same collision probabilities. Since dfo/dv is
larger at the left-hand side, the electric current induced
by E; in this velocity region is always in the opposite

o.lr ———=Ve/Vth=3"'
------- Ve/Vth=56 !
Ve/Vth=I0"
Fo \
s
=3
<
-o.f ]
-02} ]
08 10 1z 14 16 18
Vd / Vih

Fic. 2. ¥ of Eq. (22) versus va/vs. When the drift velocity, va,
becomes larger than 0.8 times the transverse thermal velocity,
241, the electrical conductivity becomes negative.
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direction to E;. Therefore, the omitted integral in Eq.
(20) would make the value of ¥ slightly smaller and the
real cross point where o=0 would be shifted slightly to
the left of the calculated values in Fig. 2.

The values of X are plotted in Figs. 3 and 4 for differ-
ent values of the electron temperature and of the elec-
tron density which is put equal to the ion density.
Curves in these figure deviate from straight lines for
w>wp since the value of A is given by Eq. (9). The
lowest frequency above which the conductivity be-
comes negative is put to be 10 times the critical collision
frequency #,I'/v while the highest available frequency
is limited by InA since at too large frequencies InA be-
comes so small that the expression of collision terms as
Eq. (7) is not valid. We take the highest frequency so
that InA is about 5.

4. DISCUSSION

When electrons and ions are flowing relative to one
other, incident electromagnetic waves may be ampli-

X
2 1074

o

noor Fic. 3. X of Eq. (21)
= " versus the frequency w/2w
<177 at T=10'"K. # is the elec-
pe tron density in cm™ which
I is assumed to be equal to
> the ion density. Values of X
£107f deviate from straight lines
£ at w>w, [see Eq. (9)].
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fied if the relative drift velocity is larger than 0.8 times
the velocity spread of the electrons. This amplification
of waves should not be attributed to the two-stream in-
stability but rather to collisions between electrons and
ions. The space-charge effect has nothing to do with the
negative conductivity. At ordinary experimental con-
ditions in our laboratories, frequencies of incident elec-
tromagnetic waves which are to be amplified are in the
microwave region as is seen in Figs. 3 and 4. The nega-
tive electrical conductivity can not only amplify the
incident electromagnetic waves or externally applied rf
electric fields, but also can excite oscillations if there are
any oscillators inside or outside the plasma. Plasma
oscillations may be excited by the negative conductivity
since they are a kind of internal oscillator in the plasma.
Amplification and excitation of electromagnetic waves
propagating through a plasma with internal relative
motion between electrons and ions may give rise to
cosmic radiations.

Now let us consider a semiconductor plasma. Princi-
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Fic. 4. X of Eq. (21) versus the frequency w/27 at T=105°K.
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pal scattering processes of electrons in semiconductors
are lattice scattering by acoustic modes and by optical
modes, impurity scattering, and carrier-carrier scatter-
ing.!® At very low temperatures ionized-impurity scat-
tering and electron-hole scattering become dominant.
Recently Glicksman and Hicinbothem?® reported that the
drift velocity of electrons in indium antimonide be-
comes 1.5 times the transverse electron temperature.
From this result the authors expect that indium anti-
monide at very low temperatures under a static elec-
tric field may have negative conductivity which could
excite plasma oscillations in it at some tens kilo-
megacycles per second for impurity concentrations
108~ 10%/cm?. ~

"It seems very interesting to the authors that collisions
do not always absorb part of the energy of the incident
wave, i.e., randomize the coherent motion of electrons
excited by the incident-wave field.

19 C. Hilsum and A. C. Rose-Innes, Semiconducting I11-V Com-
pounds (Pergamon Press, Inc., New York, 1961).
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APPENDIX

Since f1,2"® vanishes, the electrical conductivity ¢ is
calculated to the first order from Eq. (19) as

2mwe( ! *
o= ——l/ du/ dvidufi,"®
E, U o

1 )
+ | du / dviuf1,5m® } . (A1)
-1 M

v

From Egs. (5), (11), and (12) f1,,"® is given as

e '@ ¢ 1—p?2dfii®
firr®=——Fu —E,
mw v Mw v u

e

2
__ <_) EoB{ 46+ 86 vapo

MW,
+42—28} fo. (A2)

Inserting the expression of Eq. (A2) into Eq. (A1) we
can know that the first intergral at the right-hand side
of Eq. (A1) vanishes.

From Egs. (5), (11), and (12) f1,5"® becomes

w

o nl’<1—-u2 EFO p aff@)
1,3r == -
2 B du

nI'
=——-eb{ — 4% u*+ 4% u
W2

— (48%va*u2 — 8B2vqu2+ 482, — 48%4) /v
+ (48%va*u—2Bu) 1%} fo.

By insertion of Eq. (A3) into Eq. (A1) the second in-
tegral in Eq. (A1) gives Eq. (20) together with Egs.
(21) and (22).

(A3)



